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PREFACE. 



theoretical determination of the stToi)„est and 
at the same time least expensive form of profile, 
and afterwards to modify this to meet the re^ 
quirements that arise in actual construction. 

The theoretical type ia, as I have attempted 
to show, that composed of a vertical face on 

side. Of this, there are, of course, an almost 
unlimited number of possible modifications. 
But when we impose the condition of ecafwmy, 
the number of really useful ones dwindle down 
to less than half a dozen. Those treated of in 
the present work number four. The first (il- 
lustrated in Fig. 9), is, beyond all doubt, the 



HMat,COOglC 



very beat It his indeed been oftea urged 
againat tl 11 Ij-pe of profile that it 1 diffl ult 
to determine with iLCuiacy the Liuations of 
the loganthmic curves forming tlie hounding 
faces as alio to cut the facing stones to such 
a curve Astothc hrst objection no cijuations 
can surely le simpler than thj^e we have 
given while the second is a difflcultj most 
ea&ilj lemoved not by argument but by de 



The three other tjtes lie also profiles of 
equal resistance and aie tieated of so fully m 
tie ■work as to call for no rem irk here It mil 
also be observed tliat I have touclied very 
lightly on the sliding of dams on their founda- 
tion, or of any portion of tliem along a hori- 
zontal joint. This has been done, because, 
thougt I liave examined as fully as possible the 
causes that have led to the destruction of dams 
of all style of profile and of all heights, both 
abroad and in this country, I have been able 
to find extremely few that may justly be said 
to have yielded by sliding. It has almost in- 
variably been by revolving about an axis near 
the outer face, caused by taking too great a 
limit of vertical pressure, and thus throwing 
the line of resistance, when full, too far out- 
ward from the centre of thickness. 

JOHN" B. M0MA.8TER 

New Yohk, February, 1876. 
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HIGH MASONET DAMS. 



The siibject proposed for conBideration 
in the following work is that of the pro- 
file of masonry dams of snch height, 
breadth and general dimensions as would 
be required for reservoir purposes, or for 
impounding the waters of rivers and 
large streams for mill or irrigation use. 
We would obaei-ve, however, at the out- 
set, tliat as this matter has already been 
treated with such fullness by several 
writers, and especially by MM. Delocre 
and Sazilly— to whose excellent "me- 
moirs" we are greatly indebted — we can 
hope to add little that is really new, but 
shall endeavor, by drawing from many 
sources, to supply our own deficiency, to 
diminish the errors of others, and thus 
obtain results very much more accurate 
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than could be derived if we relied solely 
on onrselves. 

Before, however, we take up the con- 
sideration of the matter of the form of 
profiEe that shall combine the greatest 
strength with the least amount of mate- 
rial, there are a number of important 
points to be considered somewhat in de- 
tail. Thus, it ia necessary, in the first 
place, that we should know the forces to 
which dams are subjected, their kindi 
whethei constant oi i anahie, the meth- 
ods of deteiminm^ then direction and 
calcnlatuig then mtensity, and the ef- 
fects they are likely to produce, and 
these matteiB bemg known, we may pass 
to the consideiation of the conditions of 
stabilitj, fiist when the dam has only its 
own weight to support, and, secondly, 
when it ha^ to withstand both its own 
weight and the pressure of the water. 
We may then deduce a theoretical profile 
of equal resistance, and, finally, adopt 
one so modified by the requirements of 
practice and suggestion of experience, 
that it shall serve as a ^wo^fe (»//?e, f ul- 
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filling to tlie utmost the requirements of 
gi-eat strength and stability, beauty of 
outline and economy of material. 

Now, it becomes evident, after a mo- 
ment's consideration, that there are but 
two foi-ces that may at any time be re- 
garded as acting with vigor on a dam, 
and these are, the weight of the mason- 
ry, cement and other material composing 
the structure, and the pressure or thrust 
of the water whose flow it checks. The 
first becomeB, to all intents and pui-poses, 
a constant quantity as soon as the dam 
is finished, and continues so for ever 
after, acting vertically downwards 
through the centre of gravity of the 
mass. But, on the other hand, the latter 
force is one of great variability. For, 
as its intensity at any moment depends 
on the depth or head of water behind 
the dam, increasing as the water deepens 
and decreasing as the water falls, and 
the head of water, especially in reservoirs 
used for mill or irrigation pui-poses, be- 
ing subject to frequent rise and fall, it 
follows that this thrust must he consid.^ 
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ered as a variable quantity and treated 
accordingly. It is, moreover, to be ob- 
served, that tliia thrust acts horizontally, 
and unlike the weight, is not distributed 
uniformly over the entire face of the dam, 
being almost, if not quite, zero at the 
point where the water cuts the masonry, 
and growing greater and greater as we 
descend towards the foot of the dam. 
The weight, it is true, also increases as 
we go from the top to the bottom, yet, 
if we suppose the dam to be at any point 
ten feet thick, the pressure on any hori- 
zontal section taken at that point wDl be 
everywhere the same, and this is by no 
means the ease if we take an area ten 
feet square on the water face of the 
dam, and against which the flnid presses. 
In order that the dam may not yield 
under the first force, and be thrown 
down by the greatness of its own weight, 
it is necessary, should the structure be 
of such height, or the material of such 
heaviness, that the pressure per unit of 
surface at any horizontal section is in 
ejcceaa of the "limit of pressure" for 
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masonry, that the surface of the section 
be inereaeed so that the pressure being 
distribnted over a more extended area 
the load at each unit of surface shall be 
less. The second force, or thrust of the 
water, is resisted at any point by the 
weight of the masonry above that point, 
and by the friction of the stones, which 
is of course dependent on the weight. 
Some resistance is indeed afforded by the 
bonding power of the hydraulic mortar 
used in setting the atones, but this is so 
small that precautions of safety reqnii'e 
that it shall in all calculations be disre- 
garded entirely. 

But these two forces, the weight act- 
ing vertically downwards and the thrust 
of the water acting horizontally, counter- 
act each other to a certain estent, and 
give i-ise to a third power or resultant, 
the position of which, as regards the base, 
will determine the stability of the dam. 
To iUastrate, let ABCD (Fig. 1) repre- 
sent the profile of a dam composed of 
horizontal couraes of masonry bedded 
on each other, and K the centre of gi-avi- 
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A R D 




ty of the mass, lying above the line E F. 
Represent by K G the directioM and in- 
tensity of the weight of AF, and by 
KP the direction and intensity of the 
thmst of the water from D to F. Then, 
constructing in the usual way the pai'al- 
lelogram P K G R, we shall have for the 
resultant of KP and KG, the line KR. 
Now, supposing the dam to be perfectly 
secure as to its weight, the force P of the 
water can demolish the wall only, when, 
exceeding the weight and friction K G, 
it shoves the mass A F along the joint 
E F, or causes it to rotate about an axis 
through E. Which of these motions, 
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the slipping or rotating, shall take place 
depends entirely on the magnitude and 
direction of the resultaat K R. If the 
pressure of the water is so large com- 
pared with the weight that the angle 
R K G, which the resultant makes with 
the vertical, is larger than the angle of 
friction (32° for masonry on masonry), 
the mass A F will then slide along the 
line EF; while if the position of the re- 
sultant is such that it ptases without the 
base B C, then rotation will take place 
abont the axis of E. Of these two mo- 
tions, the latter is in practice the most 
likely to occur, in^much as in nine cases 
out of ten when rotation does take place 
it does so about some point as E', nearer 
the resultant than E, because the press- 
ure concentrated at E, breaks off the 
stone, and thus throws the axis of rota- 
tion nearer the resultant. 

The condition of stability then, in dams 
that do not transnjit laterally to the 
sides of the valley, the pi-ee sure they sus- 
tain (and this is the ease in all lai'ge 
dams) is, that they must resist this press- 
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lire at every point by their own weiglit. 
If the luateiial employed were of con- 
siderable resisting power, as well as the 
soil of the foundation, and if there were 
between them an unlimited degree of 
adhesion, the only condition of stability 
to be fulfilled woaid be, as we have just 
seen, to give the wall such a profile that 
the resultant of the thrust of the water 
and the weight of the dam shall pass 
within the polygon of the base. But 
this condition is not found sufficient in 
practice ; the material arid the soil of 
the foundation will, in fact, support only 
a limited pressure {depending on their 
nature), and they have not between 
them an unlimited degree of adhesion. 
Hence, the two following indispensable 
conditions : 

1° The several courses of masonry in 
the wall must be incapable of slipping 
the one over the other, and the wall in- 
capable of sliding on its base, 

2° In no point of the structure may 
the material employed, or the soil of the 
foundation be required to bear too great 
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a pressure. To begin with the iirst con- 
dition. 

STABILITY *S TO SLIPPING. 

We shall take up first the condition 
of stability as to the slipping of the va- 
rious courses of masonry, and then pass 
to that of the entire dam. The first 
thing to be now determined, is the hori- 
zontal thmst of the water. Suppose 
A B C D (Fig. 2) to represent the face of 
a dam pressed by water, and let A=A J 
denote the height; o=JC the projection 
of the slope of the dam on the horizon- 
tal plane; and, finally, let l=A B denote 
the length of the dam, and 5=A G is 
breadth across the top. Then will the 
vertical pressure of the water on. the face 
A B C D be expressed by 

al-y-^ulhy ... 1 

and the horizontal thrust by the expres- 
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in each of wHch y denotes the density 
of the water. These eqiiationa are ob- 
tained as follows : 

Let EP, in Fig. 2, represent the nor- 
mal pressure of the water on the surface 
A C, which we wOl call F, and resolve it 
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into two components, one vertical E P', 
and one horizontal EP", and call tliem 
respectively P' and P". Then expressing 
the angle PEP" made by the horiaontal 
component P" and the normal E P, by « 
■we shall have from, the triangle EPP' 

EP~ 

But P ?"=£ P'=:P', hence 

In the same way we find 
P' 
^=co8 a or P =P cos a. 

N"ow, let a projection A' B' D, of the 
surface AB D, be made on a plane at 
right angles to l'", and call the area of 
the projected surface F'. Then will F' 
= P cos AOA', or since the angle of 
inclination A C A' of the surface to its 
projection is equal to the angle PEP" 
^ «, between the normal to A 0, and 
the perpendicular to A'C, we shall 

F' 
have F'=F cos a or cos <i==t-. But cob 

a ia by equation 3 equal to =-, and 

therefore, 
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From the principles of mechanics, we 
know that the pressure P of water on 
any given area is the product of the 
area, the height h of the water, and its 
density y, so that in the present instance 
F being the area of the surface A B C D, 
we shall have for the value of P the ex- 
pression P=FA)/, and this substituted 
in equation 4 gives 

P'^FAt/I- or Thy . . . 5. 

Therefore is the pressure with which 
water presses against a surface in a given 
direction equal to the weight of a column 
of water, which has for its b^e the pro- 
jection of the sni-faee pressed, and for 
height the depth of the centre of gravi- 
ty of the surface below the top of the 
water. We see, moreover, from the 
above, that since the projection at right 
angles to the vertical is the horizontal, 
and the projection at right angles to the 
horizontal is the vertical projection, the 
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vertical component of the pressure of 
water against a surface may be found if 
the horizontal projection, or its trace, be 
considered as the surface pressed, and, 
OD the other hand, the horizontal com- 
ponent may he found if the vertical pro- 
jection of the surface, or its trace, "be 
considered as the surface pressed. 

Applying these two principles to the 
case of Fig. 2, and replacing F' in equa- 
tion 5, hy its yalue Ih, we shall have for 
the horizontal thrust of the water on the 
face A B C D of the dam the equation 
'2'=^}^ly, aiid in the same way the 
vertical component will be found to be 
equal toP'^^aA^y. Now, 5 being the 
breadth of the dam, and a' the projec- 
tion of the elope G K, and y' the density 
of the masonry composing the dam, it is 
evident that the area of K C E G wiU 

be \b^ — I h ; the cnbic contents 

15 + ^-- — lA^and thewwJgrAil 5 H — - — I 

hly'. The whole vertical pressure on 
the base will therefore be equal to this 
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weight plus the vertical pressure of the 
water, or 

We have seen, however, that the foi-ce 
which tends to counteract the push of 
the water, and on which the stability as 
to slipping must therefore depend, is 
equal to this weight of the dam increas- 
ed by the friction oi the stones. De- 
noting this oo-efiieient of friction by/, 
we shall then have for the force to push 
the dam forward the expression 

and in the case where the horizontal 
thrust of the water is to effect the dis- 
placement 

or dividing each member through by 
J h ly, we shall have 
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In order therefore that the dam may not 
be pushed away by the water, we must 
have one of the two following conditiong 
fulfilled ; cither 

A</|o +(2 * + « + <•■) |^[ 

For safety, we may further assume 
that the base of the dam is quite per- 
meable, in which case there is (on the 
principle that a pressure in one direction 
produces an equal pressure in the oppo- 
site direction) a pressure from below up- 
wards equal to (2b + a+a')lhp, eqaal 
the weight of the dam, and as this is, of 
course, to be subtracted from the above, 
we have finally, 

A</j (2^ + «+«') (f^-l)-«' 9- 

These equations are applicable not 
only to the sliding of the entire dam on 



HMat,COOglC 



20 

its foundation, but also to any particular 
layer of stone at any point in the dam. 
The value of the co-efficient of friction 
/ will of course be very different in cases 
where we consider the stability of differ- 
ent parts of the wall, from that in cases 
where we consider the dam to slide on 
an earthty foundation. In the former 
CE^e, it is that of masonry on masoniy, 
in the latter, that of masonry on earth, 
and in general clay. In fact, it may be 
restricted almost solely to clay, because 
in a Bandy, porons or yielding soil, it 
is better, on principles of economy, not to 
build a dam, but a dyke. For masoniy 
on masonry, or, indeed, bricks on bricks, 
we may with safety take the co-effioient of 
friction as eqnal to .87 ; for masonry on 
dry olay .51; but for masonry on wetted 
clay the oo-efficient falls to ,3S. 

A few examples may, perhaps, serve 
to illustrate the above remarks. We 
shall confine ourselves first to the case 
of rotation about one of the joints, as 
that is really the most likely one to arise 
in practice : 
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Let Fig. la represent the profile of a 
Fig. Id 






dam, constructed say of brickwork 
■weighing 112 pounds per cubic foot. 
Let the thickness on top be 10 feet, and 
that at the base 20 feet, required to find 
the perpendicular height, the dam must 
have in order that, when the water stands 
at the brim, the wall shall be just on the 
point of turning about the point B under 
the pressure of the water. Denote by h 
the height of the dam, or the (juantity 
we are in search of, = C D. Now, by 



HMat,COOglC 



equatioa 2, the thmst of the water on 

one lineal foot of surface is —X 62.5 lbs., 

and the moment of this thrust is— X 62.5 

Iba. X r or -T X 62,5 lbs. The pressure 

of one foot of the dam, or what is the 
,. . . , . AI> + BC , 

same thing, its weight is ■■■ ■ — — n X 

112 !bs., or —~-h X 112 lbe.= 1680 h 

lbs., and the moment of this pressure 
with reference to the point B is 1680 A 
XBE. Before we can obtain this mo- 
ment, then, we must find the value of 
B E, and this is found as follows : 

It is evident from a moment's inspec- 
tion of Fig. la, that the area of 
ABCDxG? = area ABCFxEHH- 
areaof ABFxIB, or 
denoting A I> by a; BCbyS; DC bye; 
and G^ by d, we have since BH ~ 

2 6-« ^ TTj 2 {b-a) 
_-,andIB-^-^— . 

h + a, 2 f)—a G{b—a) ,, , 

dividing by c 
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SulDstitutmg for the abovo quantities 
their values, wa have : 

(? = Y ~ W = 4'=. 

The moment of the dam therefore is 
1680 A X 4^. 

. ■ . X 62.5 lbs. = 16S0 h X H^. 

62.5 A° _I84800A 
6 ~" 9 
^' = Vl 97.12 
A = 44.a982. 
Again, preserving the same dimonsions, 
let it be required to find the " modulns 
of stability" of a masonry dam of the 
profile, shown in Fig. l,the stone weigh- 
ing 200 pounda per cnbic foot. Draw 
from the middle of the top A D to the 
middle of the base B C the line It V, and 
take its length as 45 feet, and the depth 
of the water behind the dam, 44 feet. 
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Now, by geometrical principles, wbicli it 
is not 'woi'tli while to repeat here, we 
have : 



10 + 10 _ 245 

l!> '~ 15" 

ff being the centre of gravity of the 

wall. Again, in the two similar triangles 

E V S and ff V T, we have : 

EV: VS::V^: VT. 
The vahie of V^ we have just found. 
VS is evidently eqnal toVO— SC, or 
10—5=5. In the triangle. RVS, we 
also have R8'-EV'-VS=, or ES'^^ 
(45)'— (5)'; hence ES=44.38. Substi- 
tuting these values in the above propor- 
tion, we shall have ; 

45 :S;:^-^: VT .-. VT=i? 
15 ^ 

The weight or pressure of the wall 

acting through the centre of gi-avity 5 

of the dam is, as we have already seen, 

?^±^X 1 X 44.38 X 200=133140 lbs., 
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and that of the water 44X1X¥X62.5 
=60500 lbs. If now we denote by P 
the " centre of pressure " of the water, 
that is to say, that point where a siugle 
pressure will counterbalance the thrust 
of the water against the entire face D C 
of the dam, then P=C P=¥=14.6 feet. 
The quantity we are in search of, the 
modulus of stability of the wall is the 
ratio of T B to TO. The vatue of T B 
we have already, and may obtain that of 
T O from the proportion that the press- 
ure of the dam is to the height of the 
centre of pressure (P) of the water 
above the base of the dam as the press- 
ure of the water is to the entire pressure 
of the water acting on its centre of press- 
ure P. Thus : 

133140 : 14.6: :60500 : x 
a;=6.6=TV. 
Dividing this last found quantity by T B, 
we have ; 

Ty_ 
rB~ 

In a well built atructnre, this quantity 
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should never be less than .5, hence, as in 
the present case, the modulus is somewhat 
above this value, we are justified in re- 
garding the dam aa a perfectly stable 
structui-e, when the water is not over 44 
feet in depth. 

In these considerations, we have taken 
no account of the resistance offered by 
the adhesion of the mortar. Should 
this be taken into account — and it is al- 
ways best that it should not — then equa- 
tion 9 will require to be modified some- 
what as follows : Let H equal the dis- 
tance of the centre of gravity of a layer 
of stones below the top of the dam. 
The shove of the water tending to throw 
down this portion of the dam is, as we 

have just seen, —^, m which expression 

d is merely a short notation for ly. The 
forces resisting this shove are the friction 
of the two layers sliding on each other, 
and the adhesion of the masonry. The 
first is proportional to the weight of the 
masonry above the stratum in questiouj 
and the second or adhesion of the maeon- 
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ry is proportional to the thickness of 
the dam at this point. Representing as 
before the co-efficient of friction by/, by 
c the cohesion of the mortar per unit of 
surface, by s the area of the upper sur- 
face of the course next below, and by 6 
the thickness of the dam at this section, 
■we shall have for the resistance R to 
sliding : 

and therefore, in order to insure stabili- 
ty, "we must have : 



or clearing of fractions, and then divid- 
ing by d H', 

^ sw >'■ ■ ■ "■ 

Neglecting the adhesive power of the 
mortar, the above becomes : 

The second case of slipping, or that of 
the dam on its foundation will rarely, if 
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ever arise, wheo the dam is founded on 
a rock, for in that case the value of the 
co-eiBeient of friction will be the same 
for the horizontal section of the founda- 
tion as for any section of the masonry- 
It is, however, very likely to arise when- 
ever circumstances will not enable us to 
lay the foundation on bed rock. In such 
cases the soil will almost always be of 
an argillaceous nature, for, should it 
prove to be of a gravelly, sandy or very 
permeable character, the employment of 
some common form of dyke will be much 
preferable to the construction of a dam. 
We may, therefore, reasonably assume 
that in all cases where the foundation 
course does not rest on a rock surface, it 
will be laid on argillaceous soU, and as 
this will readily give, under the action of 
water, a slippery slimy surface, we must 
assume a co-efflcient of friction very 
much less than that used for masonry on 
masonry. With this point kept clearly 
in view, the conditions of stability will 
be given by the above equations. Yet 
there are one or two other considerations 
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that mnst not be overlooked. Thus, ae 
the stability will depend in large meas- 
ure on the lateral resistance of the soil, 
it is not sufficient to be sure that this 
resistance is large enough to prevent the 
sliding of the Tvall, but is also necessary 
to be assured that at any point of the 
front of the foundation wall, the normal 
pressure does not exceed the limit R' of 
which the soil or the wall is susceptible. 
Again, in order to prevent any slipping 
likely to arise from the lateral compres- 
sion of the earth, it is not necessary to 
interpose any packing between the face 
of the wall and that of the ditch, and, 
finally, that in all cases it never comes 
an[iiss to "step " the rock or the earth on 
which the foundation course rests, a mat- 
ter to be considered more In detail here- 
after. 

SBCONB eOHDlTIOIT OF STABILITT. 

To return now to the second condition 
of stability, namely, that in no point of 
the structure may the material employ- 
ed, or the soil of the foundation, be re- 
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quired to bear too great a pressure. For 
this purpose let A B C D (Fig. 3} repre- 




P P 
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seut the profile of a dam. Then from 
the principles we have already establish- 
ed, it follows tbat any section of this, 
equal in length to a lineal unit, may be 
considered as subject to tbe action of 
two forces, which are, respectively, the 
vertical component P of the resultant of 
the weight of the stnicture above that 
unit, and the horizontal pressure or 
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thrust of the water, and the horizontal 
(lomponent F of the thrust of the water. 
In the section A B C D, these two forces 
aet through the centre of gravity Gf, and 
produce a resultant of their own which 
cuts the A B at E. This latter resultant 
E may therefore he I'egarded as applied 
directly to the point E, and resolved into 
two components, one vertical and equal 
to the force P, and one horizontal and 
equal to the force F. The horizontal 
force tends to slide the wall along the 
base AB. This we have considered. 
The vertical spreads itself over the base 
from the extremity B, which is nearest 
the point of application of the resultant, 
according to the well known decreasing 
law. Now, in all works on mechanics, 
we have given a formula which applies 
to a homogenous rectangle, pressed by a 
force acting upon one of the symmetri- 
cal axis, and this is : 



a^ 
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Where N is the entire load or preBSure, 
and ifi the entire area of the surface 
pressed. In the case we are considering, 
the quantity N in equations cc and fi, is, 
of course, represented by P the vertical 
component, il, by I, if by this letter we 
designate the breadth of the base A B, 
and if we denote the distance E B by m, 
then wOl the quantity n in equations X 
and /? be represented by — —. 

Substituting these quantities, we shall 
have : 

and 4 

/ \ I f I &U 

= ^ . . ,2. 

3 u 

Equation cc is applicable in all cases 
where n< J, and therefore equation 11 is 
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12 to all oases when — j — > J, or what 



applicable whtm — j — <J ; that is when 

Equation y3 is applicable to all cases 
when n>J, and consequently equation 
l-2u 
I 

is the same thing when m<J I. We have 
seen that the condition of stability re- 
quires that some limit, R', should be 
placed on the pressure each superficial 
unit is expected to bear. The pressure 
at the point B, must therefore be lees or 
never greater than B', and we shall have 
s greater or lees than J I, 



• 2_-l'^, 



)^"<«' 



5-=«'<R' "• 

And this condition ie to be fulfilled for 
each section made in the profile, neglect- 
ing the force of cohesion of the mortar 
which is unfavorable to resistance. 

These expressions are susceptible of 
yet further modification, if we introduce 
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into tlie calculation the maximum height 
A that may be given to a -wail with ver- 
tical faces, so that the pressure upon the 
base shall not exceed the limit R' of 
safety. Indeed, if we represent the den- 
sity of the masonry, or the weight per 
cubic yard by S, we shall have R'=(S'A, 
and the above equation become : 



and 

2 P_ 

3 ^« " 

The conditions expressed in these 
equations would be quite sufficient if the 
water was always up to the top of the 
dam, but as this is by no means always 
the case, the wall must be capable, even 
when the dam is quite empty, of sup- 
porting its own weight without being 
subject at aJiy point to a pressure per 
unit of surface exceeding the limit tf'A. 

In this case the resultant of all the 
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forces acting on the wall is reduced to 
the weight P', and denoting by K A, 
the distance I'rora the resultant passing 
through the centre of gravity of Fig. 
(3) to the nearest extremity A of the 
base, by u, the pressure at A,-will be given 
according to circumstances by equations 
11 or 12, and the stability of the wall 
will require that one of the relations ex- 
pressed in equations 15 or 16 be satisfied 
when P' is substituted for P. 

The next step, therefore, is to determ- 
ine the proper 

peoph.!! fok a dam having only ii« 
own weight to cakbt, 
In order to study under all conditions, 
the question we are now about to con- 
sider, it is perhaps well to inquire, in the 
first place, what form it is most conven- 
ient to give a dam having only its own 
weight to carry, in order that each point 
of the masonry shall not be subjected to 
a pressure larger than the limit of safety, 
and then to determine the alterations 
which economy require to be made in 
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this aBsiAmed profile. It is evident, to 
begin witli, that when the height of the 
dam is sach that it does not go over the 
limit A {i. e. the greatest height we can 
give to a vertical wall, witljout the prese- 
iire on the base becoming larger than 
R', we shall be quite justified in giving 
the dam vertical facings, and that, in 
such case, the load for each unit of sur- 
face at the lower part wOl be somewhat 
leas than <5'A, or at least, never greater. 
Again, we know that whenever the press- 
ure on a horizontal surface of masonry 
is larger than the limit of safety, we may 
coiTect this, by enlarging the area of the 
surface pressed, and so lessen the load 
on each superficial unit. And these are 
the two fundamental principles of dam 
construction, and may be summed up in 
brief as follows : If we are construct- 
ing a dam of a height equal to or less 
than X, and having only its ovm weight to 
support, it is a safe practice to give it 
vertical facings from top to bottom. If, 
however, we are constructing a dam of 
a height greater than A, yet having only 
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Us own weight to support, we must make 
the faces vertical for a distance from the 
top equal to A, and from this point to 
tho base slope thera outward. 

A dam constructed on this latter prin- 
ciple would give a profile similar to that 
in Fig. 4, From the summit A B to the 
section C D, the pressure per superficial 



Fic.6. 
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unit is nowhere greater than 5'A, and 
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therefore from A to C the face is verti- 
cal, bat below G D, the load exceeds the 
limit and increasing at each section to the 
base, and lience from to Y the face is 
sloping. And just here we are met by the 
great question in dam construction that 
of profile. Should the bulging portion 
C Y Y'D, be bounded by right lines as 
in Fig. 4, should it be stepped, should it 
be curved, and if so, should the bound- 
ing curves be logarithmic curves, simple 
or compound ? these are questions we 
propose to consider. 

It is an easy matter to determine the 
force to be given to the facing, so that 
the condition that the load per unit of 
horizontal surface shall never go over 
the limit S'\, shall be satisfied. To do 
this, we may choose arbitrarily one face 
and then determine the other, but if we 
desire to use the minimum of material 
oonsistent with perfect safety, then the 
wall must be symmetrical as to its axis. 
In such a case as that illustrated in Fig. 
4 — that of a high masonry dam, whose 
height is greater than A — the slopes 
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D N Y' and C M Y, ought to satisfy the 
requirement that, if in any section, as 
M N, the load per suiiace unit is equal 
to any given quantity, the pressui-e will 
be the same for any other section as 
m' n', infinitely near to it. This will be 
fulfilled, if the increase given to the base 
is proportional to the increase of press- 
ure, or as the profile is to be made sym- 
metrical to the axis O S, if the increase 
of the half surface L N" or L M is pro- 
portional to the increase of load on that 
half surface. If we denote by P the 
pressure on L N, arising from the -weight 
of the structure above, and a the surface 
of this section, then, it is evident, the 
above condition will be expressed by 

dV='K.da. . . . M. 
Tn which K is a constant quantity, 
and denotes the limit of pressure on the 
unit of surface or d'\. Again, by J, de- 
note the dimensions of the dam in the 
direction perpendicular to the section we 
are concerned with, and by a; the length 
of the half section LN, or, to express 
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it mathematically, the abscissa of the 
cui-ve or line sought (i. e. D N Y'), and 
finally, by «/, the distance of M N from 
a horizontal line taken as the axis of x. 
Then the surface a will equal to hx, and 
consequently an increase of surface as 
d a in equation 1 1, will be expressed by 

da—dix 
and moreover 

dV=6'dxdy 
These values substituted in equation 
17 give for the differential equation of 
the cui-ve, 

d'bx.dy=K.i.dx. . 18. 
whence 

, K (/k 

^ ^ 6' X 
But K equals the limit of pressm-e per 
unit or tf'A, and this value replaced for 
K, we shall have 



Integrating this between the proper lim- 
its, we shall have 

V—y«='^ log y-) ... 19. 
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Now, from this equation we see that, 
the cui've being referred to rectangular 
axes, one of the co-ordinates is equal to 
the logarithm of the other, and, hence, 
the curve must te a logarithmic curve. 
Here then we have one property of the 
curve D N r. To find in the next place 
the origin of its co-ordinates, ive may 
make in the foregoing equations x^=X, 
in which case we shall have : 

1=^ and y,-0 . 20. 

From this last relation it is quite ap- 
parent that the origin of co-ordinates is 
to be taken at a point where the value 
of X is equal to that of A, and in this 
point the tangent to tbe curve makes an 
angle o£ 45" with the axis of x. Re- 
turning now to equation 19, let us replace 
f/^ and x„ by their respective values, 
given in equation 20, when we shall bare: 

p=\ log. I 

or passing from tbe system of Napier to 
the common system of logarithms. 
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y=2.S0265850S Hog. -y- . . 21, 

This curYC, when constructed, will give 
the foi-m of the facing of a wall of in- 
definite height for which the pressure 
per unit of surface equals the limit of 
pressure K. It is not to be forgotten -hi. 
in making use of equation 21, that the 
direction in which y's are usually esti- 
mated has been reversed ; in other 
words, y when positive is to be estimat- 
ed downwards, and when negative up- 
wards, or in the direction of L 0. Fig, 
6 represents this curve constructed, by 
assuming the pressure limit or K as 
132,000 lbs., and the density of the 
masonry as double that of water. 

In such a profile, as Fig, 4 has, the 
sloping faces below CD being bounded 
by right lines, we may obtain the neces- 
sary breadth of the base Y Y', as soon 
as we have determined the height and 
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the breadth at top. Denote by 5 the 
hreadth at top A B ; hj h the distance 
AC=A, and by k' the distance from C 
to the base YY'; by d' the density of 
the masonry, and by 33 the quantity we 
are seeking for, or the base YY', Then 
we shall have : 

The quantity A in this equation, -which 
is merely another expression for the 
quantity A, has been determined by a 
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number of investigators, hut the most 
i-eliablo results are those obtained by the 
French engineers,* who, in tho construc- 
tion of their great laaaonry dams, such 
as Furens, have talsen the limit of press- 
ure K at 60,000 kilogrammes, or about 
132,000 lbs. per square metre, and K 
being equal to (S'A, and S' being equal 
to 2,000 kilogrommes, A, becomes equal 
to 30 metres. As we shall hereafter see, 
however, the limit of pressure varies for 
the outer and inner face of tbe dam. 

If, again, the profile adopted be such 
as is illustrated in Fig, 3, that is to say, 
if the faces of tho dam slope continu- 
ously from the top to tho bottom, then 
the thickness or breadth of the base will 
evidently be obtained by dividing the 
product of the height of the wall and 
its thiokness on top by the difEerence be- 
tween 2 A and the height. For 6' A or 
the limit of pressure is equal to the area 
of the profile, multiplied by the density 
of tho masonry divided by the thiokness 
of the base. In the figure, the area is 

• MM. Delocre, SazUiy aiid De Oiaeff. 
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plainly equal to half the sum of the two 
parallel sides by the altitude, and denot- 
ing this latter by H, we shall, therefore. 



\ 2 / a; 



The conditions which govern the con- 
struction of such a dam, and the height 
to which it is safe to build it, become 
from this equation quite apparent, should 
we make H=2 A, then jb would equal — , 

and the base of the wall would spread 
out to infinity. Should we, upon the 
other hand, make H greater than 2 A, 
then A. would become negative, and 
hence it follows that the greatest height 
we can give to a mAsonry dam with 
straight sides equally inclined from the 
summit and not go over the limit of re- 
sistance for masonry, is equal to twice 
that of a wall with vertical sides. Yet, 
within this limit, such a profile for a 
masonry dam of any height, occasions a 
gross waste of material. This becomes 
strikingly apparent, if we compare the 
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Sireatltli of base of a dam constructeci 
with inclined faces from top to bottom, 
with that of a dam of the same height, 
but having a proiile such as that of Fig. 
4, Suppose each dam to be 30 metres 
high and 6 metres thick on top; required 
the thiokneaa at the base. For the first 
case, using equation 23, we have : 

3;=!°^^ =5 metres. 
60 — 30 

For the second form of profile, we usg 
equation 22, and have, since the quantity 
h equals A, the same value, or k = 5 
metres. 

If we raise the dam by 10 metres, then 
equation 23 

40X5 . 



and by equation 23 

|30X5 + 10('-±2)J?!??? = 6I>,000 



S' Cih-h')' 
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If, once more, we add ten metres to 
the height, then equation 2S 
x=25 metres, 
and eq. 22 fl;=;10 metres. 

The saving thus affected when the 
dams are of great height becomes simply 
enormous. The difference, however, be- 
tween the profile when the dam below 
CD (Fig, 4) is bounded by right lines, 
and when bounded by logarithmic curves, 
such as shown in Big. 6, is not bo marked 
as in the cases just considered, yet is 
considerable. To take but one case in 
illustration, a dam of a profile such as 
Fig. 6 illustrates, with the faces below 
C D bounded by cui-ves, would require 
(equation 21) a breadth of base equal to 
9.739 metres, the height and thickness 
at top being as before, 50 and 5 metres 
respectively, while, as we have just seen, 
if the faces below C D were right lines, 
the base would be 10 metres. 

Such, in brief, is the relative merit of 
these three forms of profile, for a dam 
having nearly its own weight to support. 
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In practice, however, such a dam can, of 
course, never exist, and it thus becomes 
necessary to take into consideration the 
second condition, or that of a dam sup- 
porting a charge of Tvater. 

PEOFILE FOE A llAU EESISTING THE 
PRESSURE OT WATBE. 

And here, again, we are to throw aside, 
at first, all practical considerations, and 
determine a theoretical profile of equal 
resistance, one in every part of which 
the pressure shall not be gi-eater than the 
limit R'. For this purpose we return to 
the two equations, deduced some time 
back, which express the conditions of 
stability for a dam resisting the thrust 
of water, and neglecting the signs > 
and < and the values corresponding to 
them, take only those corresponding to 
the sign of =. We then have the two 
following equations : 

^ i^-n^'- ■ ■ - 
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If we now replaoe the quantities u, I 
and P, by their respective values, ex- 
pressed in functions of the height of the 
dam, we may readily deduce two equa- 
tions ■which, ou examination, will show 
two things, 

1". That the profile offering the least 
thickness, consistent with the conditions 
of stability, is one in which the side 
turned towards the water, has a vertical 
face, and the side turned from the water, 
or the outer face of the wall, a concave 



2°. That as the height increases, the 
thickness increases less rapidly, so that 
in a wall constructed with a vertical face 
on the water side and a curved face on 
the other aide, and so planned that it 
shall satisfy the conditions of stability 
as to its base will present an excess of 
strength for the surplus of height. 

Fig. 1 is the profile of a dam of this 
description. It will be observed, more- 
over, that in this form of profile the 
thickness of the wall at the top is zero 
This, of course, in practice is never ad- 
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raissible, inasmuch as it preBupposea the 
water to be at all times in a perfectly 
quiescent state, and thus makes no al- 
lowance for the very considerable force 
of the waves raised by the wind. It is, 
therefore, necessary, whatever the profile, 
to give the dam quite a thickness at the 
1 general, about fifteen feet, is 
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a good width, ae it thus enables us to 
construct a footpath and roadway on the 
top of the dam, which is quite a conven- 

Before we consider any other modifi- 
cations, it may be well to determine as 
nearly as possible the co-ordinates of the 
concave curve forming the enter face. 
For this purpose we will take the verti- 
cal face A B aa the axis of x, and for the 
axis of »/, a perpendicular to this pos- 
ing through the point A, and call it AD. 
Anywhere on the curve we will take a 
point C, and denote its co-ordinates E C 
=9/ and C e=x ; then the relation exist- 
ing between x and y will give the equa- 
tion of the curve. Now, as we have 
already seen, the wall is subject to the 
action of two forces, the weight of the 
dam P, which acts vertically down wai'da 
through the centre of gravity and the 
horizontal thrust T of the water. These 
two forces produce a resultant R, which 
cuts the base of the dam in this case at 
the point H. This resultant, therefore, 
may be regarded as applied directly to 
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the point H and resolved into two com- 
ponents, H P and H 0, respectively, par- 
allel to P and O T. We have also seen 
by equation 5 that the horizontal thmst 
of the water ie equal to 

F'hy=ik'ly ... 26. 

Or replacing h by its value, and iy by its 
value S, then T, or the hoi-izontal thrust 
of the water, equals 



And in the same way 

T = S'/-^yg^ . . . 2S. 

Returning now to equations 34 and 25, 
we find that the quantity I is equal to y, 
and that we have therefore to determine 
the value of u in functions of x and of 
y. Now M equals H C and H C = K C 
-KH. ThotrianglesOPKandOKH, 
moreover, being equiangular triangles 
are similar, and have their like sides 
proportional, and 
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K H ; P R : : K : P 
or 

K n_o K 
P R^O P 
or to express the equality in teiiiis of T, 
a; and P, 

T -3P ^^'■ 

Replacing in the 29th equation the 
valuea of T and P, as obtained in the 
37th and 28th equations, we have : 

5-?= — =K 11= — ^ 

5|L 3S'/.jdX ZS'fydT. 



' f ylx 



Or, for brevity, representing -, by D, 

^^- -1^ ... 3 

6 / y dx 
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This gives us the value of KH in tlie 

w=KC-KH. . . . 31. 

But KC is evidently equal to ;/— BK, 
in which B K ia the distance from the 
centre of gravity of the surface ABC 
to the vertical axis of x or A B. This 
distance is equal to the sum of the mo- 
ments of the areas such as abed, or 

^^K/y dx=/'ydx or again, 
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Substituting in equations Ijl, tlic values 
of K H and K C obtained in equations 
30 and 32, wo havo : 

" -6/ xjcU 



if yd. 

fing to a < 
■acting, 

6y/ yd^-zf fdx-n 



Or, reducing to a common deiiom.inator, 
and subtracting. 



*> / y dx 



Thus, then, we have the value of u in 
functions of x and y, and sabetituting 
this valae for u in equation 34, and re- 
membering that l=y, we have : 



= X 



d'y' 
iS'y/%jdx-iny8'fy'd 
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^' =* 

if dx — 36 y S' J 'f dx 

+ 18 6' J^ p'dx + QDx' S'J ydx 
y dx 

— XlyS'f %fdx + \%S'ffdx 

+ GDa;M'y y dx=i\ S'Xf/^ y dx 
Dividing both members of the last equa- 
tion through by 6 tS'x/ y dx, wes hall 

have, after bringing all teiins containing 
y into the first member, 

— lyj'y dx + zj ydx+Dx' — A/ = 

34. 
By making the proper substitutions in 
equation 25, 
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2h'f\jdx 



^yj y<i^ — 3 / y'dx — Die' \=x 

ZS'\ . . " ^ . I 

C>fydx J 

1 8 d'Xy f y dx —Qd'X^f y'' dx~3 d'X Dx' 

i2(5'(y%v?iwi = 

l$S'Ayy"''ydse~9 S'lJ" y'dx-3 6'\T>x' 

Transposing, after dividing each member 
by 3 6% -we have : 

0=4 (y'%' dxy—F>\yyydx+S?L 
f y^dx\\Ti^ ... 35. 

But here a new difficulty presents it- 
self, for no sooner do wo attempt to in- 
tegrate eqiiationa 34 and 35, than we see 
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it is quite imposBible to perform the in- 
tegration by any esaet method. We 
may, however, obtain an approximately 
correct solution by finding the value of 
2/ in a series of functions ic. Treating 
equation 34 by this method we obtain, 
says M. Delocre, for y the value 

} S 5 ? V ^=^ 
y=ax+hx+cx+dx-\-ese~\-fx-\-&c. 36. 
While equation 35 gives : 

37. 

These eqiiatione, as it is quite apparent, 
are of no earthly value for practical pur- 
poses, and we shall, therefore, drop all 
further consideration of them. Indeed, 
if it were possible to obtain the equations 
of the oui-ve A m C, by a short and sim- 
ple process of integration, a moment's 
reflection will show that such a profile 
as that illustrated in Fig. 1 would not be 
suitable for practical use. For this pro- 
file has been calculated on the hypothesis 
that the dam is alwaysto support a head 
of water equal to its height, and in this 
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case the pressure on any horizontal sec- 
tion as m n will, it is quite true, not ex- 
ceed the limit R. But as it happens 
that the dam is very likely to be at times 
empty, the profile must be such that, full 
or empty, the pressure on any section 
as mn shall not be greater than R. We 
know that this limit will not be exceeded 
for the face of the wall hounded by 
AmO, and it thus remains to consider 
only the vertical face AB. On reference 
to the calculations we have made rela- 
tive to the profile of walls having only 
their own weight to support, it becomes 
noticeable that the limit will soon be 
passed if the wall ia slightly raised. 
Supposing this limit to be reached at the 
point n, we are forced for the sake of 
stability to depart from the vertical be- 
low this point, to give the water face a 
swelling or bulging surface, and thus 
adopt a profile similar to that illustrated 
in Fig. 8. This profile is supposed to 
fulfill the conditions that, at any section 
as de, taken below m n, the pressure at 
the point e, the dam being full, will be 
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ieaa than or equal to the limit K, autl the 
dam being empty, the pressure at d re- 




sulting from the weight of the structure, 
will also be less than or equal to the 
same limit of pressure, R. 

This last modification, moreover, is one 
of no small importance, as it ejiables us 
to correct some of the chief errors in 
which the theoretical consideration has 
unavoidably led us, and thus to approach 
nearer to the end in view ; the determi- 
nation of a profile of equal resistance suit- 
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able to practical requirements. If the two 
curves JweB and ndD could be readily 
obtained by the above formula, the profile 
of Fig. 8 would answer almost all necess- 
ary conditionsas to stability and economy ; 
but they cannot. It therefore remains to 
do the next beat thing, and to replace the 
curved surfaces, by polygonal surfaces 
of as small sides as possible — in order 
that they may approach reasonably near 
to the curves — and then determine the 
equations of these sides of the polygons; 
or to adopt a similar method to find the 
equations of the two curves in question. 
This we shall now endeavor to do. It 
is, however, to be remarked that there 
are two notable instances of the use of 
the form of profile, shown in Fig. 8 ; 
that of the dam at Furens, and that con- 
stmoted on the Ban, a tributary of the 
Gier, by M. Mongolfier. Each of these 
we shall consider later. 

As this form of profile, therefore, has 
been illustrated, and its economy, dura- 
bility and strength fully tested in the 
case of the dam at Furens, and in 
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tliat over the "Ban, we shall now under- 
take its inveetigation, and determine 
A series of formulre for the calculation 
of the logarithmic curves forming the 
inner and outer face of the dam, and, 
finally, the establishment of a proJUe 
Vype suitable for dams of various heights. 
Our investigation, moreover, is to be 
based on the practical experience of 
MM. Graeif and Mongolfier, in the con- 
struction of the dams of Furens and 
over the Ban, and the brief but tliorough 
report of Professor Ranltine on this form 
of profile, to many parts of -which we 
are greatly indebted. 

In the first place, as to the limit of 
pressure, two questions naturally present 
themselves: first, what shall be the great- 
est limit of pressure we may with safety 
assume ? and secondly, is the same limit 
to be adopted for the inner as for the 
outer face of the stracture ? As regards 
the first question, it becomes evident at 
a glance that the limit R', to which any 
point in the dam may be subjected with- 
out thereby endangering stability, will de- 
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peiirl, to no small extent, on the nature 
o£ the stone, cement, or mortar used. 
Yet here, as in other cases where mason- 
ry is used, it is possible to assign a gen- 
eral limit, based upon practical experi- 
ence, which should not in any case be 
overstepped, and if possible rarely equal- 
ed. In the two dams to which we have 
above alluded, the limit of the pressure 
was taken at kilogrammes per square 
centimetre, or 60;000 kilogi-ammes to the 
square metre, or taking the kilogi'amme 
as equal to 2.20486 pounds, 132.291 lbs. 
per square metre, which in turn is equal 
to 1.1954 square yards. In Spain, how- 
ever, and indeed, we believe in some in- 
stances in France, the limit of pressure 
has been taken so high as 14 kilogrammes 
per centimetre, and the dam found to stand 
well, but in the majority of cases at from 
6 k, to 8.50k., generally at 6 k., per squai-e 
centimetre. We may express this press- 
ure in another form much more familiar 
to English engineers, and take as the 
limit of pressure for each square foot or 
square yard, a column of masonry hav- 
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itig that area for a base ancT a height of 
16(1 feet. This is also based on experi- 
ence, as it is well known that good rubble 
masonry will, when laid in strong hy- 
draulic cement, bear with safety the 
pressure arising from the weight of a 
column 160 feet in height. Taking, 
again, the density of masonry as double 
that of water, this pressure would be 
equaled by a water column 320 feet 
high, or a pressure per square foot of 
20,000 pounds. 

The next question as to whether the 
limit of pressure should bo the same, 
both for the inner and outer face of the 
dam, seems to beyiewed very differently 
by different engineers, and to admit in 
practice of a variety of solutions. In 
the dams eonstmcted by M. Graeff and 
M. Mongolfier, and in the theoretical 
profiles offered by M. de Sazilly and M. 
Deloere, the same limit of pressure w'as 
adopted for each face, and the discussion 
of the formulas thus much simplified. 
Yet there seems to be much gi'ound for 
departing from this observance and for 
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adopting two limits, one for the outer 
and one for the inner face, provided that 
the dam has such a logarithmic curve of 
profile as that we are considering. It is 
evident that the vertical pressure along 
these two faces is, at different times, un- 
equal ; that when the water is of great 
depth hehind the dam the outer face is 
more severely strained than the inner, 
and that when the water is very low, and 
the dam has little more than its own 
weight to resist, directly the opposite re- 
sult takes place and the severest strain 
is found along the inner face. It is like- 
wise evident that the pressure at any 
point along these faces must, in all cases, 
be of necessity in the dh-ection of the 
tangent to the surface at that place. If 
the face is vertical, the quantity we de- 
rive hy the usual equations is the ti'ue 
vertical pressure, or rather the entire 
pressure. But when the surface slopes 
off from the vertical, as it does in this 
case, the pressure is in the direction of 
the tangent, is inclined to the vertical, 
and the quantity which the formula gives 
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ns is not the entire pressure, but only its 
vertical component. The whole or real 
pressure of course, exceeds this vertical 
component, by a ratio which grows 
greater and greater as we pass down the 
face of the dam to parts where the bat- 
ter, or slope of the . face, departs more 
and more largely from the vertical. But 
the outer face has a very much greater 
batter than the inner, and the water be- 
ing high, is subjected to a much greater 
strain, so that, to cqualiae mattei's, and 
not allow the outer face, when the dam 
is full, to suffer a greater strain than 
the inner face when the dam is empty, it 
beccmes most expedient to take a lower 
limit for the vertical pressure at the out- 
er than we do for the intensity of the 
vertical pressure at the inner face. 

Adopting this view, it remains to fix 
these two limits of vertical pressure. On 
the inner face, it is clear, where the slope 
deviates so very little from the vertical 
that, for all intents and purposes, it may 
be safely neglected, we may take that we 
have already fixed upon, namely, the 
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weight of a column of masonry 160 feet 
high. For the outer face, we may take 
a pressure whose' vei-tieal component is 
represented by the weight of a masonry 
column 120 feet high, a pressure which 
has been deduced from the practical ex- 
amples of M. Graeff. 

The next matter to be taken into 
account is that of tension, which must, 
so, far as possible, be avoided in every 
portion of the dam. And this bi-inge ue 
to the consideration of the "lines of re- 
siBtance," of which in structures subject- 
ed to such varying pressure, there are of 
necessity two ; one for the condition 
that the dam or reservoir is full of water, 
and one for the condition that it is empty. 
As in the case of earth retaining walls 
and buttresses, these are lines passing 
through the centre of gravity of each 
coarse of masonry, and may, when the 
faces of the dam are rectilinear, be found 
by any of the formulie used for such 
purposes. They bear, therefore, intimate 
relations to the stability of the dam, the 
latter decreasing ae they depart from the 
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centre of thiciness and near the faces. 
They also bear relation to the tension, 
and in order that the latter may not be- 
come appreciable in any part of ibe 
atructui-e, they mast not deviate at any 
point from the line passing throngh the 
centres of thickness, either outward 
when the dam is full, or inward when 
empty, by a distance greater than one- 
sixth of the thickness at that point. 

With these conditions in view, we now 
pass to the consideration of the profile. 



Let Fig. 9 represent the profile of a 
dam bound by logarithmic curves, the 
various equations relative to which we 
wish to find. Let the vertical line A S 
represent the asymptote of the curves, 
and taking the origin of co-ordinates 
at the top of the dam, represent by x 
all horizontal, and by y all vertical 
measurements, by b the breadth or 
I of the dam across the top, 
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and by 5' the breadth at any other place 
lower down. Also Jet s represent the 
sub-tangent common to the two curves, 
and repi-eaented in the figure by that 
part of the asymptote contained between 
F and G. As to the lines of reeiatance 
let their deviation from tlie middle of the 
thickness when the damisfulland empty 
be expressed by the letters r and r' re- 
spectively, and by R and R' denote the 
limits of pressure ; the first for the out- 
er, the second for the inner face. 

Now, adopting Professor Rankine's 
method of procedure, it becomes evident 
that if the thickness across the top be 
expressed by b, then the thickness at any 
other portion of the dam lower down, 
and at a distance y below the top, will 
be expressed by the equation 

b'=b.e- 38. 

in which e is the modulus of the common 
system of logarithms, or 0.434294, To 
apply this equation therefore to practice, 
it is necessary to know the value of the 
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sub -tan gent, tlio thickness across the top 
and tho vertical distances of different 
points on the face of the dam below the 
axis of X, These latter points are, of 
course, assumed at random, and have in 
the present case been taken five feet 
apart. As to the thickness at the top it 
has been taken at eighteen feet. In the 
datns already alluded to {those of MM. 
Sazilly and Mongolfier) with the height 
of 50 and 42 metres respectively, and a 
limit of pressure of 60,000 kilogrammes 
per square metre, the thickness across 
the top is, in the former, five, and in 
latter, five and seven-tenth a metres, 
which, expressed in feet, givesfor the one 
16.4 and for the other 18.8 feet. But in 
this instance we have slightly enlarged 
on the thicknesses need hy those engi- 
neers, in order to produce a profile siiit- 
ed for a dam required to resist not only 
the thrust of water, but also that of ice 
when oanied down by spring freshets. 
The determination of the sub-tangent s 
is not so obvious, but may be found by 
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giving to the cxponciit - of e an approxi- 
mate value of , which substituted in 
the formula of Prof. Rankine, gives a 
corrected value of V, and a sub-tangent 
equal to 80 feet. 

If, then, adopting thia breadth of IS 
feet on top, we desire to find that at a 
point thirty feet below, we may wiite 
equation : 

b'^log. i) + 0ASi2UX-^ . 39. 

= 1.255273 + 0.162858=^26.19 feet, 
which is to be measured off in such wise 
that thirteen -fourteenths of it shall lie 
on the down stream or outer side of the 
asymptote, and the remaining one-four- 
teenth on the up ftieim oi innei' side. 
Taking other values toi y ind proceed- 
ing in precisely the same w^j, we thus 
obtain any desired numbei of points 
through which must pass the logarithmic 
curves that form the faces of the dam. 
This done and the curve drawn, the next 
step is to determine the lines of resist- 
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ance when the dam is full and when it is 
empty. To begin with the latter case, 
the dam being empty, the deTiation of 
the line of reaiatance from the middle of 
the thickness will evidently be inward 
or towards the up stream side of the 
dam. This deviation we have expressed 
by the letter r', and if we wish to find 
its value for a horizontal section of the 
dam taken 60 feet below the top, we pro- 
ceed as follows. Let s denote the dis- 
tance A^ or the deviation of the centre 
line of the thickness outward from the 
axis A S, and by a' the deviation of the 
same line from the same axis at the top 
of the dam. Referring to Fig, 9, the 
distance wo wish to find is evidently 
equal to ff h minus the deviation of the 
centre of thickness of the top of the 
dam from A S, divided by 2, or 



Because the dam having only its own 
weiglit to carry, the line of resistance 
must cut the line t/hin a point vertically 
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below the centre of gravity of that part 
of the structure above g h. 

The thickness of the dam where y is 
fifty feet is found from equation 39 to 
be 33.63 feet ; the centre of thickness 
16.81, and the value of s or the devia- 
tion of this centre from the axis A S is 
14.41 feet. That of / or the deviation 
at the summit of the dam is 7.72 feet, 
from which it follows that (eq. 40) r'= 
3.35 feet. It is in this way that the 
values of r', given below in Table A, 
have been calculated. 

It is next necessary to determine an 
equation from which to find the values 
of r, or the amount by which the line of 
resistance deviates outward from the 
centre of thickness when the dam isfnlL 
It is evident this deviation will depend 
upon three things, the moment of the 
horizontal thrust of the water, above the 
section at ■which we wish to find r, the 
weight of the dam above this same sec- 
tion, and the amount by which the line 
of resistance is moved inward when the 
dam has only its own weight to carry, so 
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tliat if wo divifle the moment of the 
thrust by the weight, and subtract the 
qnantity r', "we shall at once have the 
value of r. The thrust of the water 
ahove any horizontal section of the dam 
iSj as we have already seen by equation 

2, — X 62.5 lbs., and the moment is, 

therefore, |-X62.5x|=|- 62.5 lbs., or, 
■what is the same thing, if we express by 
w the ratio in which the masonry is 
heavier than the water, and take, ^ is 
usual, this ratio as 2, we shall have for 
the moment (expressed by m) of the 
horizontal thrust of the water, 



The weight of any lineal unit of the 
dam above the section may be found 
most simply by the calculus. Tlius giv- 
ing to 1/ and b the same signification as 
before, and taking the weight of a cubic 
unit of masoniy as the unit of weight, 
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tlie weight of each unit of length of the 
wall above the section is expressed by 

\\'=f'''h'dy ... 42. 
Integi'ating this between the limits y 
and o, and remembering that h'=:be. 
we have : 

= s [h'-b) . . . iP,- 
For '(', therefore, we have : 

„,^ ?/ 



12 s (b'-b) 2 
This equation gives for the value of r 
at the distance fifty feet below the top, 
the quantity 5.18 feet, which, as it falls 
below one-sixth of the thickness at this 
point, we are justified in considering the 



HMat,COOglC 



11 

doviation as not too great to bo perfect- 
ly consistent with stability. 

But, to make assurance doubly sure, 
we may apply a final test as to stability, 
by calculating tbe amount of vertical 
pressure at various points along both the 
inner and outer faces, and comparing 
the results with the limit of pressure, 
which, it will be remembered, has been 
fixed for the inner face at weight of a 
column of masonry 160 feet in height, 
and for the outer face at that of a col- 
umn 120 feet high. This matter we have 
already considered at length, and have 
deduced two equations, 13 and 14, which 
as they are perfectly suited to the present 
case, we shall not delay to deduce others, 
but alter them to suit the notation of Fig, 
9. Thus altered they are, calling p and 
p' the pressures at the outer and inner 
face respectively, and P and P' the lim- 
it at these same faces — 
"W 



^(-¥)l 



- or <P 

and 



2 W ^-p 

p = -~ — =or<P 



,.j., Cookie 
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While for p' we liave two others precise- 
ly similar, with the exception that P in 
equation 45 is changed to P'. It may, 
perhaps, be well to again remark that 
the first or second value of p in equtaion 
45 is to be used according as the value 
of w is greater or less than one-third of 
the thickness, and that in all such pro- 
files E^ that of Fig. 9, the quantity « de- 
notes the distance from the outer /ace 
to the line of resistance when the dam 
supports a charge of water, and from the 
inner face to the line of resistance when 
the dam or reservoir is empty. To illus- 
trate by one example, let it be required 
to find the vertical pressure at the point 
C, on the outer face of the dam (Fig. 9), 
situated fifty feet below the top. By re- 
ferring to Tab!e A, we see that h' is equal 
to 33.63 feet, that the outward deviation 
of the line of i-esistance is 4.98 feet, and 
that M must therefore be 11,83 feet. The 
quantity W=s(*'— 5) is 1250.4. Since 

u is here greater than —=11,21, we use 

the first of equation 45, and, making 
the substitution of values, we have : 
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\ 33.63/ 



Thus showing that the pressure is but a 
little more than half the limiting press- 
ure. Precisely the same operation re- 
peated, with u equal to 13,46 feet, wUl 
give the amount of vei-tieal pressure at 
the inner face at a point fifty feet helow 
the top, the dam supporting only its own 
weight. This pressure is thus found to 
be equal to a column of masonry 59.4 
feet in height. 

The area of the entire profile or of 
any portion of it, included between two 
horizontal sections, may be found by tak- 
ing the difference between the thickness 
of the dam at these two sections, and 
multiplying the difference by the sub- 
tangent. For it is evident from the 
figure that, if b equals the thickness of 
a point y feet from the top, then this 
thickness multiplied by the differential 
of the height and integrated between 
the limits y and zero, is the area, and 

this expression J b' dy when integrat- 
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ed, rGinembcrmg that h' is equal to be- 

y V f 

gives sbe — ^s 5, or replacing he -hj h , 



the expression for the area 
s {b'—h). In the notation we have used 
i means the thickness of the dam across 
the top, but in calculating the area of 
any portion of the profile not bounded 
by the top thickness, the quantity b is to 
be understood to mean the smaller of 
the two thicknesses which bound the 
area. That is to say, if we wish to find 
the area of that portion of the profile 
included between horizontal sections 
taken at thirty and elgbty feet below 
the top, b represents the thickness at 
the foi-mer section, and we have 80 (48,93 
—26.19) = 1819.2 square feet. Having 
the area, the solid contents and weight 
for any length of the dam are of course 
readily found. The areas for sixteen dif- 
ferent sections of the profile, each hav- 
ing the top of the dam for one side, have 
been calculated in this way, and will be 
found entered in the last column of 
Table A. The first column of this table 
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gives the distances in feet of the sec- 
tions estiroated from the top downwards, 
the second the thickness of the dam at 
these sections, the third the deviation of 
the line of resistance outward when the 
reservoir is f«li, the fourth the deviation 
inward when empty, and the last the 
areas. 

Table A., 
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It is perhaps nnnecessaiy to call at- 
tention to the fact, that this fonii of 
profile has been calculated witt a view 
to its serving as a profile type for dams 
of any height, gi-eat or small, whose 
faces are logai-ithmio carves. For a 
dam, then, of which the height is thirty 
feet, that portion of Fig 9, above the 
line marked 30, is the proper profile : 
for one eighty feet in height, that por- 
tion above the line marked 80, and so 
for each succeeding section. It presents 
again many strong points not found in 
dams of the usual rectilinear profile, 
which are especially deserving of con- 
sideration when damming a river or 
valley of great breath and depth. Of 
these not the least is its economy of 
material, which, ag we shall hereafter 
see, is very great as compared with that 
of stepped or sloping profiles ; while the 
curves of the two faces are so gradual 
that no great mechanical dilficulty can 
arise in cutting the facings. Another 
matter, which, in the damsof Fwrens and 
the Ban was not taken into account, 
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that of tension, has here been considered 
and the profile so determined that when 
the reservoir is fuii the tension on the 
outer face shall not at any point be 
greater than it is on the inner face when 
empty. 

The profile of the Furens dam is given 
ill Fig. 10, and that constmcted on the 




Ban, a tributary of the Gier, in Fig, 11, 
The former has a height of fifty metres 
with a breadth on top of 6.10 metres, 
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Fig. 11. 
and a limit of prcaanrc of six kilogrammes 
per square ceatimetre. The latter has a 
height of forty-two metres, a thickness 
on top of five metres, with the same 
limit of pressure ae the Furens <3am. By 
a comparison however, of the profile of 
the former with that part of the profile 
of the Furens which lies above the limit 
A B we see that the thickness has been 
very considerably reduced, while if we 
extend the profile to fifty metres and 
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than compare it with, the Fiirena, we 
find that the pressure nowhere exceeds 
8 kilogrammes to the square centimetre. 
To retnm now to the modifications of 
which this type of profile is susceptible. 

MOmi?ICATIONB OP TUB LOQAEITUMIC 
PROFILE. 

On a moments inspection of Kg. 8, it 
is readily seen that, as the inner curve 
doea not anywhere depart very far from 
the asymptot AS, the first and simplest 
modification of this cui-ve is to replace it 
by a right line and thns make the inner 
face vertical from top to bottom. But 
the outer curve if treated in like manner, 
and replaced by a right line, would give 
ns a form of profile which, though it 
possessed no more thickness at the bot- 
tom than was absolutely necessary to 
withstand the vertical pressure, would 
at every other point, possess a thickness 
greatly in excess of the requisite amount, 
and thus occasion a prodigious waste 
of masonry. We must therefore, break 
this continuous slope and substitute for 
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one long line two or more shorter ones 
each of which makes a different angle 
with the vertieal. Limiting our atten- 
tion for the present to the firat case, and 
replacing the two logarithmic curves in 
Fig. 9 by lines, — the inner curve by one 
vertical, and the outer by two inclined — 
we have produced for us a profile of the 
form illustrated in Fi^. 12 and 13. The 
question that first presents itself in the 
discussion of such a profile, is evidently 
how far down the outer face the point 
ia to be taken. It comprises indeed, the 
erttire discussion. Of course, it is a great 
advantage, so far as the saving of ma- 
terial is concerned, to throw this point 
as low as possible, but this is limited by 
the condition, ho necessary to secure 
stability, that when the reservoir is full 
the vertical pressure at C shall not be 
greater than the limiting quantity R. 
Having determined the thickness across 
the top, which preserving our previous 
notation, wo will call b, the quantities to 
be detei-mined are first, the vertical dis- 
tance of the point C below the top, and 
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second the thickness of the dam at this 
point, or what is perhaps more easily 
obtained the eaicess of the thickness at C 
over the thickness at the top, AB. The 
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distance, AD {Fig. 12) we will call y ; 
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the total thickness D C we will represent 
by b\ and express the excess of thickness 
by V. By W, denote the weight of the 
part A B C D (Fig. 14), aod by F, the 
Iionzontal thrust of the water above D. 
These two forces act through the centre 
of gi-avity 0, the foi-mer vertically 
downward and represented in Fig. 14 by 
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the line OP ; the latter horizontally 
■and vepfcsented in direction and inten- 
sity by F. These two produce a re- 
sultant which cuts the base at V, 
and this point may therefore be 
regarded as the point of applica- 
tion. From this relation, as we have 

seen, result two eqnatione 2 12 — -X 

— = or<Il , and -— =or<R , which are 
to be nsed according as i( is > - or <- 

In these equations P = W, is, accord- 
ing to the notation of Fig. ] 4, ■ 
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density of the masonry ; l=i'=b + v and 
M=CV. Buti(=CV=KC-KV. Now 
K C may be found by the equation es- 
pi-essing the relation that the moment of 
the weight of A B C D, with respect to 
C, is equal to the sum of the moments 
of the two parts ABVD and BVO 
into which the area of A B C D may be 
divided. The moment of the weight of 
A B C D, with respect to C, is evidently 

the weight I "—- — I ^ ^' multiplied by 
KO;tk.tofABVDl,5;(»±M*^ 
and that of B V" C by ^-~ . Hence, the 



relation when express 

+ ^^Ar- ■ . - . ^ 
K c = (&+2_*0Aj^' y^ll' 



HMat,COOglC 



91 

^ Zl+^bv + 2^ 

66+3W ■ '• 

To find K V, wo have from the two 
similar triangles OKV and OPR the 
proportion 

KV:KO::PR:rO 

whence 

KY=Tf.9^^„ . . 48. 

since PR is equal to the horinontal 
thrust, which, as we see in the eariy part 

of our investigations, is eqnal to ^— - j 

and since P is eqnal to the vertical 

■eand this is equal to I i yd' 

we have finally for the value of K V ; 

49. 

KV= y^^ or KV=„J^?_ 

S{2/>+v)6' Si2b=v) 

which latter equation is foand by substi- 
tuting for ^ the letter d. These values 

given in equations 49 and 47 when re- 
placed in the expression 
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w=KC-KV 

6& + 3W 
With this value of u we return to equa- 
tions 24 and 25, and, substituting it, we 
obtain : 



r 6!i' + 185w + 9«'- 


-»«/i 


2-! 2- es+ao 1. 


1. *+o 





These, when i-educed and made equal 
to zero, give us two equations containing 
two unknown qualities : 

0y-_A.v'_2 5Aw + ^>— AiJ'=0 . 51. 
v'y—'i ytv' — ibvy + dAy' — QbA u 

+ 45> — 3ii' A=0 . . 52. 
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The first of which is to l 



of these equations express tiie relation 
that when the reservoir is full the verti- 
cal pressure at the point (Fig. a) 
shall be equal to the limit R. But we 
must also take into consideration the 
inner face, and find an equation express- 
ing the relation that the reservoir being 
empty, the pressure at D, shall not ex- 
ceed the limit R. In this case, the face 
being vertical, the pressure of the water 
does not exist, and the force P, or the 
weight of this portion of the dam, acts 
downwards through the centre of gravi- 
ty, and 

M=DK=DC-CK 



=5+w - 



2v {v + Sb) + Sb' 
eb' + 3v 



6b'' + 6bv + 3bv + Sv'—2v''~ Qbv + 3b'' 
~ 6b+3v 

v(v + 3 b) + Sb' 
- S{^b + v) ^^- 

With this value of u, we again return 
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to equations 24 and 25, substitute in 
each, and reducing, have ; 

54. 
n' y—'<f X + 'il) y v—2b \ V + ii'y—X'b''=Q 



vy—v'X + ibyv—3bXv + ib^p—9b'}L=0 
By combining 51 and 54, or 52 and 55, 
we may readily obtain the value of 3/ 
and V, which are the two quantities we 
wish to find. It is moreover to be re- 
marked that A in the above equations is 
found by dividing the limit of vertical 
pressure at and D by the ratio in 
which the masonry is heavier than 
water. Thus in calculating the profile 
of Fig. 12, we have first reduced the 
limit of vertical pressure per unit of 
surface from pounds to kilogrammes, 
and tating the density of water, as given 
in the French tables, as 1000 kilo- 
grammes and the density of masonry as 
double that of water or 2000 kilo- 

, , R 60,000 k 

grammes, we have A = — = — ^ — -^ 

* ' 2,000 2,000k 

or A ^ 30. We thus obtain for A, a 
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very simple number, whereas had we re- 
tained the pressure as expressed in 
pounds, we would have had a much 
larger one to handle. In Fig. 13 how- 
ever, in order to produee a profile of 
what may be considered as a type of the 
greatest boldness consistent with safety, 
we have taken the limit of vertical 
pressure at li kilogrammes per square 
centimetre, which ae we have already 
stated has been used in several instances 
in France and Spain. This increases the 
value of A. to 70. The thickness across 
the top is in each case the same as in 
that of the profile illustrated in Fig. 9 ; 
namely, eighteen feet, but the height of 
that in Fig. 12 has been reduced to 
ninety feet. The height AD of the 
upper part A B C D and the value of v 
corresponding to it have been found by 
combining equations 51 and 54. The 
lower part, by the same equation, by 
substituting for y the difference between 
the height A D of the upper part and the 
entire height of the dam. 

The deviation of the line of resistance 
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when the reservoir is fall may also be 
found aa follows. Let A B CD in Fig. 
15, represent either the upper or lower 



1 


X \ 

r Of- \ 


1 


^ \ 


IB 





Fig. 15. 
part of the dam whose profile is given 
in Fig. 13, and let it he desired to find 
tho amount of deviation at any section 
as E F. By O represent the centre of 
gi'avity o£ A B F E, then will O It repre- 
sent the resultant of the two forces act- 
ing on this portion of the daro, and the 
distance we wish to find will be E S. 
We will suppose also, in order to cover 
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all cases that the water stands at X. 
Also let A B = 6 ; A X = ;. AE = y ; 
ES = ai; EW = A; and the inclination 
of the sloping side B C, to the yertical 
be denoted by x ; by 5 the density of 
the masonry and by S' that of the water. 
Then by the similar triangles P R and 
W S, we have : 

WS_PR 
O W-QP 

Kow WS = ES-E"W = iB-A and 
OW = TE::z.JXE because the centre 
of pressure (T) of a rectangular plane 
surface sustaining the pressure of water, 
is at a point two-thirds the depth of its 
immersion. Hence TE = J(y— 0- PR 
or the horizontal thrust of the water 
on XE is, as we know, expressed by 

—-^ -^ ; and the pressure O P by 

(& + i')yS . {2i>+y tan. 'X:)yh 

2 ' *'^ 2 



■'ily—l)~}yi,{2dj; + 2y'taa.'X.) b 
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Then replacing — by 6 



c) yf> 



T, , __ ^y tan.'q + liS' tan, ec + ^V 
~ 'iby^-y^ tan. EC 

which, added to equation S6, gives : 

1 58. 

This value of ic is, of course, to be 
measured ofE from the vertical side. 
When the water stands at the top of the 
dam, the value o£ I, is zero, hiit when 
the reservoir is empty, then ?, is equal to 
the entire height of the dam. The 
simplest way, however, to find the devia- 
tion, is by means of Equation 50, ob- 
serving that the value of **, when found 
is to be laid off from the onter or elop- 
ing face of the dam ; and corresponds to 
the distance FS in Fig. 15. 

The second modification, then, of the 
theoretical proiile of equal resistance, 
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consists in replacing the outer curved 
face by a broken one composed of two 
planes inclined at different angles to the 
horizon. The principles, however, which 
justify us in the nse of such a modifica- 
tion, may be cari'ied still further, and 
the inner and vertical face replaced by 
one almost a fac simile of the outer 
broken one. Indeed the only essential dif- 
ference between them lies in the degree of 
slope which we give to their two plane 
surfaces. On the one side both are 
sloping ; on the other that portion of 
the face from the summit of the dam to 
a point below, (where the pressure on 
each unit of aui-face equals the assumed 
limit of pressure,) the wall is vertical, 
and from here to the base slope out- 
ward. This latter point moreover, must 
be directly opposite that point on the 
outer face at which the two sloping lines 
of the profile intersect. Of a profile thus 
constructed, some idea may be had from 
the sixteenth figure. It does not present 
any merit either as to beauty, strength. 
Stability or economy of material not 
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possessed hj that illustrated in Figs. 12 
and 13. As to economy indeed, the 
amount of material consumed is if any- 
thing greater in former than in the two 
latter forms of dams, and it may be 
justly doubted whether the additional 
stability thus obtained, is a fair recom- 
pense for the additional outlay for 
material and for cutting facing stones 
for a third sloping face. 

As to the mathematical calculations of 
such a profile they are rather lengthy than 
difficult. For the upper portion A B C D, 
Fig. 16, we have already discussed the 
principles at length, and obtained in 
equations 51 to 55 the necessary formulse. 
The val«e of AB or b is of course 
known, as also that of AD or a' which 
is assumed, and is not to be greater 
than X or the greatest height we can 
with safety give to a wall with vertical 
faces. That of the lower portion C D E F, 
may also be conducted on the principles 
previously laid down, and as it necessi- 
tates several eliminations of somewhat 
startling length we shall consider it 
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merely in outline. Knowing the total 
height of the dam, and the distance A D, 
we of course know D G, or the height of 
that portion of the dam C D E F, whose 
breadth of base E F, we wish to find. 
We also know from equations 51 and 54, 
the breadth D C , and projecting this on 
the base we at once obtain that portion 
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of it between G aiidH. What there re- 
mains to be found is GE, and HF. The 
former of these unknown quantities we 
will denote by «/, and the latter by g ; 
the breadth E F, of the base by b,° the 
part Gr H, which is also equal to C D, by 
V; the height DG, of the lower section 
of the dam by a, and that of the upper 
section, or A D, by a'. Returning now 
to the equations 16 and 16, which ai'o 
the general equations of stability for a 
dam supporting the pressure of a head 
of water, we find that the three unknown 
quantities for which we wish to find 
valnes in term of the known quantities wo 
possess are m, I, and p. The value of I, 
or the thickness E F, of the base is, 
when expressed in tei'ms of the above 
notation. 

While P is of course the area of the ir- 
regular polygon A E C F E D multiplied 
by the weight per unit of volume, phis 
the vertical component of the weight of 
the water restmg on the sloping face 
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DE. The area of ABC 



d'a'. Thatof CDET'is^^^+-^ 
+ b' d' a. The vertical thrust of the 
water is by equation (1), i — 2~~} ^ ^' 
The value of P, therefore, ia b' 6' a + 

y 3, which reduces to the foiin 

P= 59. 

2b'd'a + S'a{y + z)-\-2{b + b')S'a/ + 

2 
Again, to find the value of u, the first 
step is to construct the diagram of 
forces, as illustrated in the figure, P 
representing in direction and intensity 
the vertical component P, or the weight 
of the dam and the water, and P the 
horizontal component or the outward 
thrust of the water behind the dam. 
Then will F T represent u which is clearly 
equal to 

t(=s+HI-IT . . 60. 
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But by the two similar triangles we 

OF 
have, asl>ofore, IT— 01 X yyp or since 

1 2) equals 



(<^)V 



{a + ayS 



IT- *-^- - _-_^_^^_^_ 

3[2b'6'a + S'aii/ + z) + 2{b + b')S'a' 

HI is to be obtained in precisely the 
same manner as K C waa obtained from 
Fig. li, by expressing the relation that 
the moment of weight P (which includes, 
it is to he remembered, that of the dam and 
that of the water pressing on the inclin- 
ed face B E), with respect to the point 
F is equal to the sum of the moments of 
the components of this force. Obtaining 
these moments in the same manner as 
■we obtained those for the equations de- 
duced from Fig. 14, and putting them 
equal to the expression P X IF, or P X 
(IH+s), we have after reduction, the 
equation 
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(y + 2l')yd—Zs'a 
{12 (X +b'a) +6 as+&ay + 12 a'yO + Caj>6 
In which a is a short expression for the 
area of A B C D, and y3 the distance 
from C to the point where the perpen- 
dicular of the centre of gravity of 
A B C D cuts C D, and this replaced in 
equation 60, gives for the value of u 

12g(cc +h'a)+Gza(^+s) + Qsi/9{2a' + a) 
+ 12>X^+6h'a+2a^(y+Sb') + S {2a' 

+ a) (t/ + 2b')je-2az'-2 6 {a' + a)' 

12(cc +b'a) + 6a!i+6ay + l2a'y8 + 6a^6 

Eq. ei. 

The quantities P, w and I, being thus 
obtained in terms of b', y,z,a and a', a 
substitution in equations 15 and 16, will 
furnish us with two equations of great 
length, from which, by the process of 
elimination, the values of x and y are 
readily found. 

To talie but one example of this form 
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of profile, let it be required to calculate 
the dimensions of such a profile for a 
masonry dam one hundred and seventy 
feet in height and eighteen feet broad on 
top, the limit of pressure being taken at 
132,000 pounds. For this purpose we 
have to determine beforehand the height 
a' of the part A B C D. This, in the 
present case, is taken at 80 feet, and may 
in all cases be assumed arbitrarily. Now, 
since the dam has one vertical face, we 
have to determine but one quantity «, or 
the difference between the thickness of 
the dam at AB and that at CD, and 
this value of v is readily obtained from 
equation 5!, which, modified to suit the 
present notation, becomes 

9«'3— A.»'-2 51«+^'m'-A5''=0 . 62. 
Solving this with reference to *j, we 
have 



.,-,/ y»' + ea" _a ... ,8 
And replacing the quantities by their 
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values, remembering that A equals 98.4 ft., 
and 9 (or the ratio in whicli the mason- 
ry is heavier than water) equals J, the 
result finally obtained is, 

v=S3.52— 18 or 
6'=& + w=o3.52 feet. 

With this value of h' wo return to the 
equations expressing the values of x and 
y as deduced from equations 15 and 16, 
after the snbstitution of the value of ii 
given in equation 61, and find that the 
value of h'~x+b'+y is 178.42 feet. 

Once more, we may carry this princi- 
ple one step further and produce a pro- 
file which is little more than a modifica- 
tion of that given in Fig. 16. If, for 
instance, while preserving the same 
height of structure, we divide eaeh of 
the three sloping faces into two parts, 
and give to each part thus produced a 
face inclined to the horizon, we shall 
then have a profile of such shape as that 
illustrated in the seventeenth figure, 
A glance at this is sufficient to show that 
it is in reality but a compound of the 
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two preceding profiles, and that there- 
fore the principles to be observed in the 
calculation of its parts are those already 
discassed. The entire profile may thus 
be considered as divided into three 
pieces ; — that from A toD, in which the 
inner face is vertical throughout, and the 
outer made up of two inclined faces, 
constituting a profile exactly similar in 
design to that of Fig. 12 : that from D 
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to F, and that from F to H, in each of 
which both the outer and inner faces are 
sloping. The first part is, therefore, to 
be calcalated in the same manner as we 
would calculate the thickness of a dam 
having the profile of Fig. 12, and each 
of the two remaining portions by the 
equations deduced from Fig. 16. To 
illustrate this by a case in point, let it be 
required to find the thickness at various 
points of a masonry dam, having such a 
profile as that we are discussing, its 
thickness across the top being 18 feet, 
and the total height 170 feet. The 
first thing that claims attention ia the 
determination of the vertical distances 
between the points B and C ; C and E ; 
E and G ; and finally G and I. These 
may, of course, he chosen at pleasure, 
just as we may select the number of 
parts that each face is to be composed 
of, and as in the present case the dam is 
170 feet high, and the outer face divided 
into four parts, we will for convenience 
divide the dam first into two equal parts, 
then divide the lower of these again into 
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two eqaal parts, and the upper also into 
two, but two unequal parts. The verti- 
cal distances between the seotione will 
then be, beginning at the bottom and 
going up GI = '12,6 feet; EG = 42.5 
feet ; C E = 45 ; and J3 C = 40 feet. Had 
the dam, however, been one handred and 
fifty, or one hnndred and eighty feel 
high, or indeed any other uumber, then 
the best arrangement would again have 
been, to naake the second vertical dis- 
tance — that from C to D^longer than 
the i-eniaining three, ao that, if the dam 
was one hundred and fifty feet high, the 
best arrangement would be B C = 30 ; 
CE = 60; and E G and GI each thirty 
feet ; if the height had been one hund- 
red and eighty feet, then E C = 40 ; C E 
= 50 ; and the others each forty-five 
feet. Although this arrangement may 
seem to be somewhat arbitrary, it is in 
reality based upon fixed principles, which 
dearly show that where such a number 
of divisions and such a profile as that 
used in the present instance are employ- 
ed, the second part should be decidedly 
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longer tlian oithev of the other three. 
Tliose portions, moreover, ivhich are 
bounded on both sides by sloping faces 
are in almost all cases made of equal 
depth, nor does there seem to be any 
reason whatever for not adbeiiog to this 
method. 

With these distances thns determined, 
TV'e return to equations 61 and 54, and 
from the first of these find the value of 
'I!, as was done for equation 63, and sub- 
stituting for a' the value 40, and for h 
the quantity 18 feet, we have 



.=/ 



12960 -i- 32000 ^ 



And, consequently, h'=l> + v=^'i\.^'i feet. 
To find the value of 5', however, it is 
necessary to iise equations 61 and 34, 
from which by the common method of 
elimination we may find an expression 

e y'^v''Xy — ^b yv = Q 
from which by the substitution of the 
proper values we obtained for a final value 
of 5", or the thickness of the base of this 
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section, 5°=:o4.64 fcut, or 11=^33.27 feet. 
The next step is to find the values of a; 
and ^for the third Bection. As this, and 
also the last section have both faces slop- 
ing, by substituting the value of u given 
in equation 61, in equations 15 and 10, and 
reducing and then eliminating, we obtain 
two expressions for (c and y, from which 
we derive the thickness GF= 100.36, 
and by a similar process find that for 
I H to be 152.22 feet. 

It is thus apparent, that as there is al- 
most no limit to the number of sections 
into which a dam may, on this principle, be 
divided, thei-e are a great number of 
different forms of profile, each of which, 
satisfy the conditions of stability, but 
vary somewhat as to economy. Theo- 
retically the dam whoso outer face con- 
sists of the greatest number of these 
sloping faces is the most economical, 
because in that case its face approaches 
neai'est to the logarithmic curve which 
bounds the theoretical profile of equal 
resistance, and it therefore contains very 
little more masonry than is absolutely 
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necessary to insure safety. In practice, 
howeTer, such a dam would, in all proba- 
bility prove raucli more costly than one 
consisting of a lesa number of section, 
though containing more masonry, be- 
cause the angle of inclination of "the 
different sections of the outer face 
changing so frequently would gi'eatly 
increase the coat of cutting the facing 
stone. To avoid the mechanical diihcul- 
ties also likely to arise in such cases, it is 
sometimes well to depart altogether from 
this style of pi-ofile, and instead of slop- 
ing the outer and inner faces, cut them 
into notches or steps. 

THE STEPPED PROFILE. 

The stepped profile has been reserved 
to the last for consideration, because, 
■while it is a natural outgrowth of the 
preceding modifications, it possesses 
many merits whose importance cannot 
be fully appreciated till a comparison is 
instituted between it and the forms 
just treated of. In point of simplicity 
of construction for instance, it would be 
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difficult to find any design of profile 
that can surpass it. Wherever the faces 
of the dam are curved as in Fig, 9, or 
made up of a series of sloping surfaces 
of various inclination as in Figs, 12, 16 
and 17, the dimensions of every facing 
stone that is set have to be most care- 
fully determined beforehand by the 
rules of stereography, and this, when the 
dam is an high one and the number of 
stones consequently large, is of itself a 
work of no small difficulty. In the 
stepped dam however, all this is done 
away with, as every facing stone, (unless 
the dam is curved) possesses only a ver- 
tical or, if it happens to form the edge 
of the step, a vertical and horizontal 
face, and thus requires no pattern for the 
Stone cutter. A further advantage to 
be derived from it, is, that it enables us 
to approach much nearer the curved 
form of profile than we can in any other 
profile type. Indeed, when well designed 
it is in reality nothing but the logarith- 
mic curved profile cut into steps or 
notches, so that should we draw a con- 
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tinuous line through the upper edges of 
all the steps, or through the lower edges 
of their vertical faces, this line would 
form a logarithmic cnrve. 

Here, as in the calculation of the 
previous profiles, it ie quite allowahle to 
assume arbitrarily either the breadth or 
height of the step and from this one de- 
termine the other. Yet it is by far the 
best plan to assume the vertical height 
of the step and calculate the breadth. 
For, it mast be apparent, that by this 
method of procedure, the quantity we 
calculate is really the abscissa of the 
curve, which we lay off at regular inter- 
vals perpendicularly to the vertical 
axis of the dam, and in this way we are 
enabled to preserve very closely the 
logarithmic profile. The general appear- 
ance of the dam is, moreover, much more 
pleasing when this arrangement is ob- 
served than when we assume a constant 
breadth and calculate the depth, because 
the breadth of the steps near the summit 
of the dam is then very narrow and in- 
creases gradually as they approach the 
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bottom, and the departure from the cm-ve 
is thus scarcely perceptible; but when the 
breadth is everywhere the same and the 
depth varies, the whole face of the dam 
has an extremely broken appearance, 
which is anything but agreeable. 

In this profile, as in all the others, the 
inner face is roade vertical for as g^eat a 
distance as the limit of pressure will al- 
low, and from that point down it is 
stepped. The outer face is likewise 
made vertical for a distance which de- 
pends in all cases on the thickness across 
the top, being as a general thing very 
nearly twice that dimension. In the de- 
termination of the following formube, 
the depth of the step has been assumed 
as the same throughout the entire dam, 
and the breadth has been taken as the 
unknown quantity. Fig. 18 then rep- 
resents a portion of the profile of a dam 
bound by a carved or sloping face, which 
we wish to change into a stepped profile. 
ABDC represents this section, and if 
HF be taken as the veitical height of 
the step, then will C H F represent the 
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element with which we are especially 
concerned, and its base OH the quantity 
we are in search of, — the breadth of the 
step. The height B D of the section we 
will denote by h; and the density of the 
masonry by 6'; and the greatest thick- 
ness FT or HI) of the known element 
ABTDHF by t; from which three 
quantities we may obtain an expression 
for the weight P, of this elenaent, which 
must of course be accurately known, in- 
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aa Hmeli as the otjeot of making the step 
at this point being to lessen the amount 
of vertical pressure on each euperfioial 
unit, the breadth of the step will depend 
very largely on the weight of that por- 
tion of the dam which is above it. The 
weight which is plainly equal to 
^ AB + FT ^ B T 5'+ (FH X HD) S' is 
expressed by P, while that of the ele- 
ment C H F is equal to — - — , in which 

a is the height of the step F H, and b 
the breadth C H. The point of applica- 
tion of the thrast of the water is T 
situated at two-thirds the depth of im- 
mersion. T' and T' are the horizontal aiid 
vertical components respectively. Tlien 
will P represent the du-ection of the re- 
sultants of P and T* ; W the resultant 

of P, T" and the weight — — of the ele- 
ment C H F, while the general resultant 
of all the foi-ces is E. Now, in this case, 
as in the previous ones, the whole solu- 
tion of the problem depends on finding 
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the value of R, ov the distance from 
the outer edge C to the point where the 
resultant cuts the base, and this we will 
express iw heretofore by the letter m. 
Then from the figure 

M=CH + IIV— RY ... 64. 
in which we know the value of C H=^^, 
and require that of H V and R V. But 

:^rr= is equal to the tangent of the angle 

which the genera! resultant R makes 
with the vertical, or calling this angle 
cc then 

RV T' 

tan. X =^_=.^_^, 



T' 



/>6'^ 



VV 
in which e is to be understood to express 
the value of V V— iYTfr- The distance 
H V may be f oand from the theorem of 



HMat,COOglC 



moments, by expressing the relation that 

Hyx(p + ^^)=M-^^ 



2 
M denoting the moment of P' with re- 
spect of H. As to C H, its value is 5, 
the quantity we are in search of. Re- 
placing these quantities in the equation 
expressive of the value of u, we have 

Te 



= b+^ 



%6'b 



p+" "" r + - 

which, reduced to a common denomina- 



__ 65P + 3 6 '<t^' + M-g'5'a-6T'6 

Having thus obtained an equation for 
the value of u, the next step is to find by 
means of it an expression for 5 the 
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breadth of the step. For this purpose 
draw from R, the point at which the 
genera! resultant of all the acting forces 
cats the base, a perpendicular R ST to the 
resultant, and from N a perpendicular to 
the base C D, thus forming a triangle 
R N O. Then, since the two triangles 
li V V and R If have their bases on 
the same right line CD, and the side VE 
of the one perpendicular to the side NE 
of the other, and the sides VV and NO 
parallel, the angles at V and N are equal 
and the triangles are similar. Bat by 
the relation existing between the sides of 
such similar triangles, we have the pro- 
portion 

NO :EV:;EO: VV. 
which gives for N O the equation 

EVxUO__r^ 
MO— ^^- ,^j ... 66. 



in which / is the distance E O. But we 
have another pair of similar triangles 
wJiich gives yet another value for N O, 
which must be deduced and made equal 
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to thiit just found. These triangles are 
CON and C H F, and tlie proportion 
derived from tiio relation of tlieir sides 

jS'0:CO::FH :HC or 
N0^^-2X£LI^COX« _ ^,_ 
HC h 

Equating equations 66 and 67, 



" p 0_tiO 



■' „ 6' ah « 

1 +-^- ■ -6 

And again, since if four quantities be 
proportional they ■will be in proportion 
by composition and division 

and reducing 
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;j'«;- + 2P)+2T7> 



But the condition of stability is (equa- 
tion 10) expressed by the relation 



:(P.^), 



2V + S'ba 

;i ,r A 



And equating these values given i 
tions 68 and 69, 



i{6'ab + 2F) 



a{6'ab + 2¥) + 2 T b~ Z &' X 

Substituting for u its equivalent value as 
given in equation 65, and dividing both 
membere of the resulting equation by 
the common factor 2P+(J'5o, there re- 
sults 
5'A ff(6 hV + ?. b''3'a+ 6 M - 6 Te-6'b'a) 

=«(2P' + (5'«6 + 2?.T') (2P' + (S'«&) 
Solving this witli respect to « JJ', and eX' 
tractiiig the root, 
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But this is capable of being yet further 
reduced by dividing' throngli by 
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2T 






io the form 
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which is the expression for the breadth 



ia.,CuO^[c 



of the step. As to the meaning of the 
letters it may onco more be stated, that 
P is the weight in poanda of A B D H F, 
and 6' the density of the masonry. 
The vertical height (F H), which we de- 
termine to give the step, is expressed 
by a, that of the entire dam from the 
top to the base of the step by A, and the 
moment of the weight P, with respect to 
the vertical F H forming the rise of the 
step by M ; while by A,, we mean, as in 
all previous formnlse, the greatest height 
to which we can raise a vertical wall 
without the pressure per unit of surface 
on the base, becoming larger than the 
limit R' of pressure ; and by 6, the ex- 

pre^ion -r„ or the ratio in which the 

density of the masonry exceeds that of 
water. This value of B, is safely taken 
at ^. As to the height to be given to 
the step, this is of course to be assumed 
at pleasure, bnt the most pleasing effect 
is produced when it is taken at siy or 
seven feet, for then, even in dams of one 
hundred and sixty feet in height, con- 
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structed of the heaviest stone, the breadth 
of the step will rarely at any point be 
.materially greater than the rise. The 
point on the outer face at which the 
first step shoul i I egin or in other words 
th Istti p \B 111 Fig. 19, is deter- 
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mined, as in the other instances, by the 
relation which tlio breadth on top bears 
to the height. If the thickness ;, across 
the summit be assumed then 






but if the height a be assumed tlie proper 
thickness is to be had from the equation, 



=«/: 



91 

3 A - 4 c 



When that point on the inner face is 
reached, at which it becomes necessary 
to begin stepping, the breadths b and b', 
of the outer and inner steps respectively, 
may be had by substituting the value of 
^(, in equations 15 and 16, and from the 
two resulting equations, finding by 
elimination two expressions for 5 and b'. 
This calculation may, however, be avoid- 
ed, and considerable expense for cutting 
facing stone saved, by mating the inner 
face vertical from top to bottom. Indeed 
the matter of expense for dressing stone 
is, perhaps, the most serious objection to 



HMat,COOglC 



123 

the stepped profile, as it is necessary to 
dress toth faeee of the step. 

As regards the use of the formulie for 
this form of profile, it is to be borne in 
mind, that P includes the weight of the 
water as well as the weight of the 
masonry, so that in determining the 
breadth of the fourth step, the weight 
of the three columns of water resting, 
one on the first, one on the second and 
one on the third step, is to be added to 
the pressure of the masonry. The press- 
ure of the watei' is readily obtained from 
equation 1, 

The principles that have now been es- 
tablished in connection with the four 
types of profiles treated of, are all that 
are required to calculate the parte of any 
profile that is ever likely to arise in 
practice. They have, moreover, been 
deteiinined without regard to the length 
of the dam, so that the structure will be 
one of equal resistance, and withstand 
the thmst of the water solely by its 
own weight. There is, therefore, no 
valid reason why a dam constructed with 
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a profile of equal resistance should be 
curved into the form of an arch, and 
this holds good, whether it be high or 
low, whether it obstructs a broad valley 
or a narrow one. The only thing that 
can be accomplished by curving a dam, 
is to relieve it from severe strains, by 
transmitting aa large a part of the thrust 
to the sides of the valley, but where the 
profile is such that the dam is every- 
where equally strong, and equally capa- 
ble of resisting by its own weight the 
severest strain it is ever subjected to, 
there is surely nothing to be gained by 
increasing its length in order to transmit 
this thrust laterally to the sides of the 
valley. It is true that in deep and nar- 
row valleys, some saving of material may 
he affected by curving the dam, which 
being thus relieved from a goodly por- 
tion of the thrust, may be diminished in 
thickness. But in long dams, it is an 
open question whether the saving thus 
affected is not more than balanced by 
the increased length. 

One other matter which deserves the 
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most careful attGiition, and which in- 
deed unless it is carefully atfcetided to 
will render the very best profile of no 
account, it is the binding of the stones, 
and the chavacfcer of the inner filling. 
As to the bond, it is undoubtedly the 
wisest plan if the dam is to resist a great 
pressure, to avoid Saying the stones in 
horizontal courses wherever such a thing 
is practicable, and to place hinders in 
■ every possible direction. For assuredly, 
if it is necessary for the stability of ail 
walls bearing a vertical load, that there 
should be no continuous joints in the 
direction of the pressure, it Is just as 
important that a dam shonld have no 
eontiauous hofizontal joints, because in 
the case of such structures almost everj' 
ounce of thrust they have to resist is 
horizontal, and thus exactly coincides 
with the joints. If the dam is curved, 
then this matter of broken horizontal 
joints is not of such vital impoi'tance, 
because no laj'cr can then slide until 
some one of the stones has been crushed, 
yet even here it cannot be too rigidly 



HMat,COOglC 



aflliered to. By a strange in consist t'liey 
ou the part of engineers, we often sea 
this matter both regarded, and disre- 
garded in the same dam. Many etruc- 
twres of this class could he named, in 
which the rock foundation is stepped 
with the utmost care to preclude any 
possibility of sliding where sliding is of 
all places the least likely to occur, while 
the courBCS from the foundation to the 
top are laid with the most perfect kind 
of horizontal joints. 

The filling again must not be of too 
different a character from the facing. 
Where masonry consists of dressed stone 
and rabble work, the amomit of settling 
is so different in each case that nothing 
like a bond can be preserved. The 
affect of such settling, we constantly see 
illustrated in the moat striking way in 
canal locks. As is well known these are 
generally cut stone facings with rabble 
backing, but the latter settling more 
than the former become detached from 
the facings, when the water penetrating 
1 the two kinds of masoni-y, the 
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cut stone facings fall with the first frost. 
A good filling is that made of large 
rough blocks of stone, set at regular in- 
tervals apart, (the distance increasing as 
the top is approached) and the spaces 
between and over them filled in with 
beton of the first quality, a method, we 
believe, lately adopted in the construction 
of one of the Oroton dams in this state. 
But perhaps a yet, better one is to replace 
the beton by the French mixture known 
as beton coignet. Both of these fillings, 
however, are good, aa when well rammed, 
they form a close connection with the 
fafling stones, and do away entirely with 
joints of any Miul. 
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